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1
Borsuk-Ulam( ) $n$ $S^{n}$ $n$
$R^{n}$ $f$ , $f(-a)=f(a)$ $a\in S^{n}$
. ,
$f:S^{n}arrow$ $f(-x)=-f(x)$ , $f$
.
, ,






$M,$ $N$ $n$ . $M,$ $N$
, $\partial M,$ $\partial N$ .
$M$ $N$ $f$ : $Marrow N$ $f(\partial M)\subset\partial N$ , $M,$ $N$
$[M, \partial M]\in H_{n}(M,\partial M;Z),$ $[N, \partial N]\in H_{n}(N,\partial M;Z)$ ,
$f_{*}[M,\partial M]=(degf)[N,\partial N]$
deg $f$ , $f$ .
$\partial M,$ $\partial N$ , $\partial N$ , $(M, \partial M)$
$\partial_{*}$ : $H_{n}(M, \partial M;Z)arrow H_{n}(\partial M;Z)$ , $[M, \partial M]$ $\partial M$
$[\partial M]=[(\partial M)_{1}]+\cdots+[(\partial M)_{k}]$ ( $(\partial M)_{1},$ $\cdots,$ $(\partial M)_{k}$ $\partial M$ ) .
$N$ . $f|_{\partial M_{1}}$ ; $\partial M_{i}arrow\partial N$ ,
deg $f= \sum_{i=1}^{k}\deg(f|_{\partial M:})$
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.
, .
$M,$ $N$ , $n$ (
), , $M$ . $C^{\infty}$ $f$ : $Marrow N$ ,
$y\in N-\partial N$ , $y\not\in f(\partial M)$ . $M$
$f^{-1}(y)$ , $f^{-1}(y)=\{x_{1}, x_{2}, \cdots, x_{k}\}$ . ,
$y$ $V$ , $x_{1}$ $f^{-1}(V)=U_{1}\cup\cdots\cup U_{k}$ ,
$f|u_{1}$ : $U_{i}arrow V$ .
, $H^{n}(U_{i}, U_{i}-\{x_{i}\})\cong H^{n}(M, M-\{x_{i}\})\cong H^{n}(M, \partial M)$ , $H^{n}(M, \partial M)$
$[M, \partial M]$ $\mu_{x:}\in H^{n}(U_{i}, U_{i}-\{x_{i}\})$ .
$V$ $\mu_{y}\in H^{n}(V, V-\{y\})$ . $f_{*}\mu_{x}=\epsilon_{1}\mu_{y}$




$y\in N$ , $y\not\in f(\partial M)$ $y$
.
$y\not\in f(\partial M)$ $\partial M$ , $y$ $V$ $B^{n}=$
$\{x\in R^{n}|\Vert x\Vert<1\}$ , $f(\partial M)\cap V=\emptyset$ $(H_{n}(N, N-V)\underline{\simeq}Z$
). $V$ $y’$ . ,
.
2.1. $y’,$ $y”\in V$ , $\deg(f, y’)=\deg(f, y’’)$ .
. $M$ $f^{-1}(y’)$ $f^{-1}(y’)=\{x_{1}’, \cdots x_{l}’\}$
. $\deg(f$, , $i:(M, \partial M)arrow(M, M-\{x_{1}’, \cdots x_{l}’\})$
$f(M, M-\{x_{1}’, \cdots , x_{l}’\})arrow(N, N-y’)$ , $(f\circ i)_{*}([M, \partial M])=deg(f, y’)\mu_{\psi}$
, $j$ : $(N, N-V)arrow(N, N-\{y’\})$ $n$ $j_{s}$ : $H_{\mathfrak{n}}(N, N-V)arrow$
$H_{n}(N,N-\{y’\})$ , $j_{*}(\alpha)=w$ $\alpha\in H_{n}(N, N-V)$ , $f:(M, \partial M)arrow$
$(N, N-V)$ , $f\circ i$ , $(jof)_{*}([M,\partial M])=\deg(f, y’)w$ .
, $f_{r}([M, \partial M])=\deg(f,y’)\alpha$ . , $y”$ $f_{*}([M, \partial M])=$
$\deg(f, y’’)\alpha$ , , $deg(f, y’)=\deg(f, y’’)$ . $\blacksquare$
, $y\in N$ $y\not\in f(\partial M)$ , ,
$y’$ , $\deg(f, y)=\deg(f, y’)$ .
, $N$ , $f$ : $Marrow N$ $f(\partial M)\subset\partial N$
, 21 , $y\in N$ $y\not\in f(\partial M)$
, $f$ : $(M, \partial M)arrow(N, \partial N)$ $j$ : $(N, \partial N)arrow(N, N-\{y\})$
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, $(j\circ f)_{*}([M, \partial M])=\deg$ ( $f$,y)\mbox{\boldmath $\mu$}y. . $j_{*}([N,\partial N])=\mu_{y}$ , $f_{*}([M,\partial M])=$
$\deg(f, y)[N, \partial N]$ . , .
2.2. $f$ : $(M, \partial M)arrow(N, \partial N)$ $C^{\infty}$ . , $y\in N-\partial N$
, deg $f=\deg(f,y)$ .
, Borsuk-Ulam
. , .
2.3. $M$ $R^{n}$ $n$ ,
$x\in M$ $-x\in M$ ( $-x$ $M\subset R^{n}$
). $O\not\in M$ , $f$ : $(M, \partial M)arrow(D^{n}, S^{n-1})$
$f(-x)=-x$ , deg $f\equiv 0(mod 2)$ .
.
2.4. $f$ : $(M, \partial M)arrow(D^{n}, S^{n-1})$ $C^{\infty}$ $g$ :
$(M, \partial M)arrow(D^{n}, S^{n-1})$ , $0\in D^{n}$ , $g(-x)=-g(x)$
.
24 , deg $f=\deg g=\deg(g, 0)\equiv\# g-1(0)(mod 2)(\# g-1(0)\cdot$
$g^{-1}(0)$ ) , $g(-x)=-g(x)$ , $x\in g-1(0)$ , $-x\in g^{-1}(0)$
. $O\not\in M$ $\# g^{-1}(0)$ . , $\deg f$
.
2.4 . , $\epsilon>0$ $x\in M$ $\Vert f(x)-fi(x)||<\epsilon$
$C^{\infty}$ $f1:Marrow R^{n}$ , $fi(-x)=-fi(x)$ . $(Jfi)_{x}$
$x\in M$ Jacobi , $U=\{A\in M(n,R)|\det((Jfi)_{0}+A)\neq 0, \Vert A\Vert<\epsilon\}$
. , $M(n, R)\cong R^{n}$ , $\Vert A\Vert$ $R^{n^{2}}$ .
$F$ : $M\cross Uarrow R^{n}$ $F(x, A)=fi(x)+Ax$ . ($\epsilon$
$0\not\in F(\partial M, U)$ ) , $0\in R^{n}$ . ,
$W=F^{-1}(0)$ , $MxU$ $n^{2}$ . $\pi$ : $MxUarrow U$
, $W$ $\pi|_{W}$ : $Warrow U$ . , $\pi|_{W}$
, $A_{0}$ . , $g_{1}$ : $Marrow R^{n}$ $g_{1}(x)=F(x, A_{0})$
, $0$ $C^{\infty}$ . , $x\in g_{1}^{-1}(0)$
, $F(x, A_{0})=g_{1}(x)=0$ , $w\in T_{0}R^{n}$ , $0$ $F$
, $dF_{(x,Ao)}(u, v)=w$ $(u,v)\in T_{x}(M)\oplus T_{A_{Q}}(U)\cong T_{(x,Ao)}(MxU)$
. $A_{0}$ $\pi|w$ , $(u’, v)\in T_{(xAo)}(W)\subset T_{(x,A\mathfrak{n})}(MxU)$
$u’\in T_{x}(M)$ , $(d\pi|W)_{(x,A_{\{l})}(u’, v)=v$ . $u_{0}=u-u’$ , $W=F^{-1}(0)$
, $dF_{(x,A_{0})}(u’, v)=0$ ,
$(dg_{1})_{x}(u_{0})=dF_{(xAo)}(u_{0},0)=dF_{(x,A_{0})}(u-u’, v-v)=dF_{(x,Ao)}(u, v)-dF_{(xAo)}(u’,v)=w$.
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, $(dg_{1})_{x}$ : $T_{x}(M)arrow T_{0}R^{n}$ $x$ . $x\in g_{1}^{-1}(0)$
, $0$ .
, $H_{1}$ : $M\cross[0,1]arrow$ $H_{1}(x,t)=tg_{1}(x)+(1-t)f(x)$ , $g_{1}$
$f$ , $r(0<r<1)$ $V(r)=\{x\in R^{n}|\Vert x\Vert<r\}$
, $H(\partial M\cross[0,1])\cap V(r)=\emptyset$ , . $r$ ,.
$V(r)^{c}$ ($V(r)$ ) $0,V( \frac{\overline r}{2})=\{x\in R^{n}|\Vert x\Vert\leqq\frac{r}{2}\}$ 1
$C^{\infty}$ $\varphi:R^{n}arrow R$ $\varphi(-x)=\varphi(x)$ . $g:Marrow D^{n}$
$g(x)=\{\begin{array}{ll}g_{1}(x) (x\in g_{1}^{-1}(V(\frac{\overline r}{2}))\varphi(g_{1}(x))g_{1}(x)+(1-\varphi(g_{1}(x)))g_{1}(x)/\Vert g_{1}(x)\Vert (g_{1}^{-1}(V(\frac{r}{2})^{c})\end{array}$
. ($g_{1}(x)>1>r$ $x$ $\varphi(g_{1}(x))=0$ $g(M)\subset D^{n}$
) $g$ $C^{\infty}$ , $g(-x)=-g(x)$
. , $g_{1}(\partial M)\cap V(r)\subset H(\partial Mx[0,1])=\emptyset$ , $x\in\partial M$ $g_{1}(x)\geqq r$
, $\Vert g(x)\Vert=\Vert g_{1}(x)/\Vert g_{1}(x)\Vert\Vert=1$ $g(\partial M)\subset S^{n-1}$ .
$g:(M, \partial M)arrow(D^{\mathfrak{n}}, S^{n-1})$ $f$ : $(M, \partial M)arrow(D^{n}, S^{n-1})$
, $f_{2}$ : $(M, \partial M)arrow(D^{n}, S^{\mathfrak{n}-1})$
$f_{2}(x)=\{\begin{array}{ll}f(x) (x\in f^{-1}(V(\frac{\overline r}{2})).\varphi(f(x))f(x)+(1-\varphi(f(x)))f(x)/\Vert f(x)\Vert (f^{-1}(V(\frac{r}{2})^{c})\end{array}$
, $f$ , $H:((M, \partial M)xI)arrow(D^{n}, S^{n-1})$
$H(x,t)=\{\begin{array}{ll}H_{1}(x,t) (x\in H_{1}^{-1}(V(\frac{\overline r}{2}))\varphi(H_{1}(x,t))H_{1}(x,t)+(1-\varphi(H_{1}(x,t)))H_{1}(x,t)/\Vert H_{1}(x,t)\Vert (x\in H_{1}^{-1}(V(\frac{r}{2})^{e}))\end{array}$
, $H(\partial MxI)\subset S^{n}$ , $g$ .
, $f$ $g$ . $\blacksquare$
2.5. $M$ $R^{\mathfrak{n}}$ $n$ ,
$x\in M$ $-x\in M$ ( $x$ $M\subset R^{n}$
). $O\not\in M$ $M$ $\partial M$ ,
$f$ : $\partial Marrow S^{n-1}$ $f(-x)=-f(x)$ , deg $f\equiv 0(mod 2)$ .
. $f$ : $\partial Marrow S^{n-1}$ $f(-x)=-f(x)$ , $g:Marrow D^{n}$
, $g|_{\theta M}=f$ $x\in M$ $g(-x)=-g(x)$ .
2.1 deg $g\equiv 0(mod 2)$ , deg $g=\deg(g|_{\partial M})=\deg f$ , deg $f\equiv 0$
$(mod 2)$ . $\blacksquare$
2.6. $M$ $R^{n}$ $n$ ,
$x\in M$ $-x\in M$ . $O\in M-\partial M$ M $\partial M$
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, $f$ : $\partial Marrow S^{n-1}$ $f(-x)=-f(x)$ , deg $f\equiv 1$
$(mod 2)$ .
. $O\in M-\partial M$ , $M-\partial M$ $R^{n}$ , $B(\epsilon)=\{x\in R^{n}|\Vert x\Vert<\epsilon\}$
$\epsilon$ , $B(\epsilon)\subset M-\partial M$ . , $M-B(\epsilon/2)$
, $\partial M\cup S^{n-1}(\epsilon/2)$ . ( , $S^{n-1}(\epsilon/2)=\{x\in R^{n}|\Vert x\Vert=\epsilon/2\}$
) $g$ : $M-B(\epsilon/2)arrow D^{n}$ , $\partial M$ $f$ , $1(\epsilon/2)$
$g(x)=x/\Vert x\Vert$ . , $\deg(g|_{S^{n-1}}(\epsilon/2))=1$ ,
deg $f=\deg g-\deg(g|S^{n-1}(\epsilon/2))=degg-1\equiv 0(mod 2)$ .
I
$M=D^{n}$ , , Borsuk-Ulm
.
. $S^{2n-1}=\{z\in C^{n}|\Vert z\Vert=1\}$ $p$ $Z_{p}= \{\exp(\frac{2\pi k}{p}\sqrt{-1})|k\in$




$\Omega$ ($x\in\Omega$ $-x\in\Omega$ )
$f:\overline{\Omega}arrow R^{n}$ , $O\not\in f(\partial\Omega)$ $0$ $\deg(f, 0)$
. .
, $X$ BanWh . $A$ $X$ . $f$ : $Aarrow X$
, $A$ $\Omega$ , $\overline{f(\Omega)}$ , $f$
.
3.1. $\Omega$ $X$ . $f$ : $\Omegaarrow X$ , $f_{\mathfrak{n}}$
$f_{n}(\Omega)$ $X$ $\{f_{n}\}$ $f$
.
. $\overline{f(\Omega)}$ , $\overline{f(\Omega)}$ $1/n$ $B_{1},$ $\cdots B_{j(n)}$
. $B_{:}$ $x_{i}$ $(i=1, \cdots j(n))$ . $\{\psi_{1}\}_{i=1}^{j(n)}$ $\overline{f(\Omega)}$
$B_{1},$ $\cdots B_{j(n)}$ 1 . ,
$x\in\overline{f(\Omega)}$ , $\sum_{i=1}^{j(n)}\psi_{i}(x)=1$ , $x\in B_{i}^{c}$ , $\psi_{i}(x)=0$ .
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$f_{n}$ : $\Omegaarrow X$
$f_{n}(x)= \sum_{i=1}^{j(n)}\psi_{i}(f(x))x_{i}$
, $f_{n}(x)$ $x_{1},$ $\cdots x_{j(n)}$ , $f_{n}(\Omega)$ $X$
. ,
$\Vert f(x)-f_{n}(x)\Vert=\Vert\sum_{1=1}^{j.(\mathfrak{n})}\psi_{:}(f(x))(f(x)-x_{i})..\leqq\sum_{i=1}^{j(n)}\psi_{i}(f(x))\Vert f(x)-x_{1}\Vert$
, $f(x)\not\in B_{i}$ $\psi_{i}(f(x))=0$ , $\psi_{1}(f(x))\neq 0$ $i$
$\Vert f(x)-x_{i}\Vert<\frac{1}{n}$ . , $x\in\Omega$ , $\Vert f(x)-f_{n}(x)\Vert<\frac{1}{n}$ .
, $\{f_{n}\}$ $f$ . $\blacksquare$
3.2. $\Omega$ $R^{m+n}$ , $\Omega_{1}=\Omega\cap R^{m}$ .
$F_{1}$ : $\Omegaarrow R^{m}(R^{m}=Ix\{0\})$ $C^{\infty}$ , $F$ : $\Omegaarrow R^{m+n}$ $F(x)=F_{1}(x)+x$
$(x\in R^{m+n})$ , $y\in\Omega_{1}(\subset\Omega)$ $F$
$y$ $F|_{\Omega_{1}}$ , $y\in\Omega_{1}$ $\deg(F, y)=\deg(F|_{\Omega_{1}}, y)$
.
. $\overline{\Omega}$ , $F^{-1}(y)$ , $F^{-1}(y)=\{x_{1}, \cdots x_{k}\}$
. $F$ $y\in\Omega_{1}$ , $x:\in\Omega_{1}$ , $(F|_{\Omega_{1}})^{-1}(y)=\{x_{1}, \cdots x_{k}\}$
.
$F$ , $F$ $x_{i}$
$(\iota_{0}I_{\mathfrak{n}}^{*})$ ( $I_{m},$ $I_{n}$ )
, , $X_{*}^{1}B^{l}F$ , $F|_{\Omega_{1}}$ ,
, . , $F$ $F|_{\Omega_{1}}$ .
. , $y$ $\deg(F, y)=\deg(F|_{\Omega_{1}}, y)$
. $\blacksquare$
$\Omega$ Banach $X$ . $f$ : $\overline{\Omega}arrow X$ $K:\overline{\Omega}arrow X$
$f=I-K$ . , $y\in X-f(\partial\Omega)$
$\deg(f$, .
, $S$ , $f(S)$ $X$
. , $S$ $\{x_{n}\}$ $\lim_{narrow\infty}f(x_{n})=y$ , $\{x_{n}-f(x_{n})\}$ $y$
. $\overline{K(\overline{\Omega})}$ , $K(x_{n})$ $\{K(x_{\eta})\}$
, $z$ . , $\{x_{n}\}$ ,{xn:} ,
$\{x_{n}-f(x_{n})\}$ $y$ $\{K(x_{n})\}$ $z$ , $\{x_{\mathfrak{n}}\}$ $z+y$
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. $x=z+y$ , $S$ $x\in S$ , $I$ $K$
$x-K(x)=y$ . , $y\in f(S)$ . , $f(S)$ .
, $f(\partial\Omega)$ $X$ , $y\not\in X$ , $B(y, \delta)\cap f(\partial\Omega)=\emptyset$
$\delta$ . ( , $B(y,$ $\delta)=\{x\in X|\Vert x-y\Vert<\delta\}.$) $\epsilon=\delta/2$
, $K_{\epsilon}$ $K$ $\epsilon$- , $K_{\epsilon}(\overline{\Omega})$ $y$ $X$ $N_{\epsilon}$
( 31 $K_{\epsilon}$ . $f_{\epsilon}=I-K_{\epsilon}$
\rangle
$f_{\epsilon}$ : $\overline{\Omega}arrow X$ , $y\not\in f(\partial\Omega)$ . $f_{\epsilon}|_{N.\cap\overline{\Omega}}$ : $N_{\epsilon}$ $\overline{\Omega}arrow N_{\epsilon}$
$\deg(f_{\epsilon}|_{N_{*}\cap\overline{\Omega}}, y)$ .
$f$ , .
3.3. , $\eta$ $0<\eta<\delta/2$ . , $K_{\eta}$ $K$
$\eta$- , $K_{\eta}(\overline{\Omega})$ $y$ $X$ $N_{\eta}$
, $f_{\eta}=I-K_{\eta}$ , $f_{\eta}$ : $\overline{\Omega}arrow X$ ,
$\deg(f_{\epsilon}|_{N.\cap\overline{\Omega}},y)=\deg(f_{\eta}|_{N_{\eta}\cap\overline{\Omega}},y)$
. , $W$ $X$ , $M=N_{\epsilon}\oplus W$ , 32
, $\deg(f_{\epsilon}|_{M\cap\overline{\Omega}}, y)=\deg(f_{\epsilon}|_{N_{*}\cap\overline{\Omega}}, y)$ .




$H:(\hat{N}\cap\overline{\Omega})x[0,1]arrow\hat{N}\cap\overline{\Omega}$ $H(x, t)=tf_{\epsilon}+(1-t)f_{\eta}$ , $f_{e},$ $f_{\eta},$ $y$
, $y\not\in H(\partial\Omega x|0,1$ ]) , , $\deg(f_{\epsilon}|_{\hat{N}\cap F}, y)=\deg(f_{\eta}|_{N\cap}\pi, y)$
. , $\deg(f_{\epsilon}|_{N.n\hslash}, y)=\deg(f_{\eta}|_{N_{\eta}\cap\hslash},y)$ 1





3.4. $\Omega$ $X$ $x\in\Omega$ $-x\in\Omega$ , $0\not\in\Omega$
. , $K:\overline{\Omega}arrow X$ $f=I-K$
$f$ : $\overline{\Omega}arrow X$ , $0\not\in f(\partial\Omega)$ $x\in\overline{\Omega}$ $f(-x)=-f(x)$
.6 X, $\deg(f, 0)\equiv 0(mod 2)$ .
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3.5. $\Omega$ $X$ $x\in\Omega$ $-x\in\Omega$ , $0\in\Omega$
. , $K:\overline{\Omega}arrow X$ $f=I-K$
$f$ : $\overline{\Omega}arrow X$ , $O\not\in f(\partial\Omega)$ $x\in\overline{\Omega}$ $f(-x)=-f(x)$
6 $\#f,$ $\deg(f, 0)\equiv 1(mod 2)$ .
, 3.5 Borsuk-Ulam .
3.6. $\Omega$ $X$ $X\in\Omega$ $-x\in\Omega$ , $0\in\Omega$
. , $K:\overline{\Omega}arrow X$ $f=I-K$
$f$ : $\overline{\Omega}arrow X$ $f(-x)=f(x)$ $X\in\overline{\Omega}$ .
. $f=I-K$ : $\overline{\Omega}arrow X$ 36 , $g$ : $\overline{\Omega}arrow X$
$g(x)= \frac{1}{2}(f(x)-f(-x))$ . $x\in\partial\Omega$ $g(x)=0$
$f(-x)=f(x)$ , $0\not\in g(\partial\Omega)$ .
$g(x)=x- \frac{1}{2}(K\{x)-K(-x))$ , $\frac{1}{2}(K(x)-K(-x)):\overline{\Omega}arrow X$ $K$
. $g$ $g(-x)=-g(x)$ 35
$\deg(g, 0)\equiv 1(mod 2)$ . , $g^{-1}(0)\neq\emptyset$ , , $g(x)=0$ $x\in\Omega$
. $x$ $f(-x)=f(x)$ .$\blacksquare$
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